The key component of Compressed Air Energy Storage (CAES) system is an air compressor/expander. The roundtrip efficiency of this energy storage technology depends greatly on the efficiency of the air compressor/expander. There is a trade off between the thermal efficiency and power density of this component. Different ideas and approaches were introduced and studied in the previous works to improve this trade off by enhancing the heat transfer between air and its environment. In the present work, a combination of optimal compression/expansion rate, optimal chamber shape and optimal heat exchanger material distribution in the chamber is considered to maximize the power density of a compression/expansion chamber for a given desired efficiency. Results show that the power density can be improved by more than 20 folds if the optimal combination of flow rate, shape and porosity are used together.
INTRODUCTION
The availability of a cost-effective, scalable and dispatchable energy storage system is the key to eliminating the most pressing integration issue of renewable energy and the grid: integrating unpredictable and intermittent green energy, such as wind and solar energy, into the electrical grid. In our previous work [1] [2] [3] [4] , we have proposed a novel Compressed Air Energy Storage system ( Fig. 1) for wind turbines that can store energy prior to electricity generation. With the use of a novel open accumulator system architecture and a near isothermal liquid piston air compressor/expander, this system can be efficient, power dense and costeffective. A critical component of this system is the high pressure (200 bar) air compressor/expander which is responsible for the conversion between mechanical work and compressed air in storage. To be useful, the compressor/expander must be efficient and power dense. For a fixed compression/expansion ratio, increasing power density means that the compressor/expander will operate in shorter cycle time. A smaller component can therefore be used to achieve the same power capability, reducing capital expense (CAPEX).
There is a natural tradeoff between efficiency and power density as the thermodynamic efficiency of air compression/expansion is highly dependent on heat transfer. When operating the compressor/expander slowly, there is more time for heat transfer to take place and efficiency increases. This is at the expense of reducing power density so that a large compressor/expander will be needed. The reverse is true when operating the compressor/expander quickly. Power density increases at the expense of efficiency since time for heat transfer becomes limited. In our approach, a liquid piston air compressor/expander with porous media insert is used. Here a liquid column is used to compress or expand the air above it. The interface between liquid and air column stays stable if the maximum acceleration of the liquid (upward or downward) remains lower than a certain value [5] . Since liquid can flow through tortuous path, adding porous media augments heat transfer through the increase in surface area and heat capacitance [6] [7] [8] [9] . It has been shown through CFD and experiments that introduction of porous media can increase the power density over the case with no porous media by more than an order of magnitude without sacrificing efficiency. Yet another approach to improving the efficiency-power density tradeoff is to optimize the compression and expansion trajectories. It has been shown that optimized trajectories can also increase power density by an order of magnitude over ad-hoc linear/sinusoidal trajectories [10] [11] [12] .
In this paper, we consider the following questions:
1. If a total amount of porous media is to be introduced, how should it be distributed within the compression/expansion chamber? 2. How does the shape of the compression/expansion chamber affect the efficiency/power density tradeoff? What will be an optimal shape for optimizing the power density without sacrificing power density? 3. How should the compression/expansion trajectory be optimized in combination with the optimization of the porosity distribution and shape?
The rest of this paper is structured as follows: First, a zerodimensional thermodynamic dynamic model is derived for the air being compressed/expanded in the chamber. A heat transfer correlation is used in this derivation that is found for the specific porous material geometry considered in this work. In the next step, the trajectory optimization problem is defined and formulated as an optimal control problem in order to maximize the power density of the chamber. Shape and porosity distribution optimizations are then defined as the high level optimization and solved iteratively to find the combined optimal shape, porosity distribution and compression trajectory for the chamber. Finally, a step-by-step procedure is presented to demonstrate how the developed optimization algorithm can improve the power density of a compression chamber.
Thermodynamic Model
A schematic of the air compression/expansion chamber is shown in Fig. 2 . Air is compressed/expanded by a liquid (water) piston that is driven by a hydraulic pump/motor. The cross section area (θ ) of the compression/expansion chamber varies along its length. Heat exchanger material (porous media) in the form of parallel plates is inserted into the chamber. While the plate thickness is fixed (0.8mm), the plate spacing can vary along the chamber axis (Fig. 3) . Therefore, the full geometry of the chamber can be realized by specifying the cross section area and plate spacing at different air volumes corresponding to different liquid piston levels (i.e. θ (v) and d (v) where v ∈ [0,V c ], and V c is the maximum chamber volume). Here, we assume that the air temperature is uniform in the chamber (i.e. zero-dimensional model for air temperature). Considering real gas properties for air [13] , a zero-dimensional thermodynamic dynamic model for air under compression/expansion can be derived as:
where P, ρ, m and e are the pressure, density, mass and specific internal energy of the air, respectively. Note that the air mass remains constant during the process (i.e. no air leakage is assumed). Additionally, Q is the liquid piston flow rate into the chamber which can be controlled by varying the pump/motor displacement attached to the chamber. The specific internal energy and temperature of air depend on its state, given by air pressure and density:
Due to the high thermal capacity of the porous media (relative to air), the heat exchanger temperature (T w ) is assumed to remain constant. hA is the volume averaged product of the convective heat transfer coefficient (h) and the effective heat transfer area (A) of the air inside the chamber. A specific correlation for Nusselt number has been found for the heat exchanger geometry used in this work, given by [7] :
where Nu is the Nusselt number, Re is the Reynolds number and Pr is the Prandtl number for air, while a, b, m and n are constants (a=9.7, b=0.0876, m=0.792 and n=0.33). Note that s is the local hydraulic diameter of the heat exchanger (s = 2 × d) and K is the heat conductivity of air considered to be a function of air temperature. The range of Reynolds number for which this correlation is valid can be found in [7] . The local Reynolds number of air inside the chamber is calculated based on the local air speed as:
In this equation, µ is the dynamic viscosity of air (depends on air temperature) and u is the local Darcian velocity of air given by:
Note that Eqn. (5) is obtained assuming that the air flow rate at a cross section of the chamber is linear to the volume of air above the section (i.e. the air flow rate is equal to water flow rate at the water surface, while it is zero at the top cap). V (t) is the total air volume inside the chamber at a given time; v is a cumulative air volume (above a cross-section) that can vary between 0 and V (t) . Thus, each v defines a level and cross-section of the chamber. Using Eqns. (3), (4) and (5), the volume average of hA can be calculated as:
where β is the local heat transfer area density (m 2 /m 3 ) and h is the local convective heat transfer coefficient calculated based on Eqn. (3). After some mathematical manipulations, the final form of hA can be found as:
where M and N are given by:
By integrating Eqns. (1) and (2) with respects to time, the history of air states (pressure and density) can be evaluated for a given compression/expansion flow rate trajectory and initial condition inside the chamber (P 0 and ρ 0 ).
Compression Trajectory Optimization for a Given Chamber Geometry
For a given chamber shape θ (v) and plate spacing d (v) distributions, an optimal control problem can be formulated to maximize the power density by minimizing the required compression time while achieving the desired thermal efficiency. By manipulating Eqns. (1) and (2), it would be possible to omit the time differentiation and combine the equations as:
where e p and e ρ denote the partial derivative of the specific internal energy of air with respect to pressure and density. In addition, time can be considered as a dependent variable and calculated as:
where V 0 is the air volume at initial time (V (t=0) = V 0 ). The cost function of the optimization problem is defined as the total time required for compressing air from initial pressure (P 0 ) to the final pressure (P f ):
where V 0 and V f are the total air volume in the chamber at pressure P 0 and P f , respectively. Due to the limited heat transfer between air and its environment, there is a trade off between the compression time and compression efficiency. Since compression time is considered to be the cost, compression efficiency needs to be an equality constraint in this optimal control problem formulation. This equality constraint can be realized as:
where η * is the desired efficiency and E s is the energy stored in air after compression (i.e. if the input work is equal to E s /η * then the compression efficiency would be η * ) (Fig. 4) . Note that the total compression work is the summation of the required work to compress air from initial pressure to the final pressure, isobaric cooling work (to the ambient temperature) and work required to push the compressed air out of the chamber [4] . Finally, an inequality constraint is required to reflect the limitation on flow rate that can be provided by the hydraulic pump:
The optimal control problem is then defined as:
such that Eqns. (12) and (13) are satisfied. Note that the control variable is the flow rate (Q) which is assumed to be a function of air pressure (instead of time). By introducing a new variable λ (Lagrange multiplier), the Lagrangian can be defined as [14] :
Hence, the optimal control problem can be summarized as:
such that:
FIGURE 4:
Compression (left) and expansion (right) process shown on P-V diagrams. In the compression case, efficiency is defined as the stored energy divided by the total compression work whereas in the expansion case, efficiency is defined as the extracted work from expansion divided by the available energy in the air (that could be achieved through an ideal isothermal expansion) [4] . Dynamic Programming (DP) method is used to solve the minimization problem and to find the optimal compression trajectory (Q * (P) ) for a given λ , while a golden search method is used to solve the maximization problem (for λ * ). In discrete volume-pressure domain (see Fig. 5 ), the compression trajectory can be realized by a V-P sequence. Using the forward difference method, dV /dP can be evaluated as:
So, if (P, V) at step i and (P, V) at step i + 1 are known, Q i→i+1 can be calculated from Eqn. (9) . Once Q i→i+1 and ∆V i→i+1 are found, the compression time from step i to step i + 1 (∆t i→i+1 ) can be easily calculated from Eqn. (10) . Therefore, the total P n =P f P n-1 P n-2 P 0 P .
Lagrangian (L 0→n ) can be evaluated through backward induction using Bellman equation.
A sample case study is used to illustrate how compression trajectory is optimized for maximizing the power density of a given chamber geometry and desired compression efficiency. A cylindrical chamber with a uniform cross section area (θ ) of 50cm 2 and volume of 1875cc is chosen. A total volume of 375cc of heat exchanger material in the form of parallel plates is used inside the chamber. The plate spacing is assumed to be 3mm (uniform along the chamber) with a thickness of 0.8mm. Note that the chamber length is equal to 37.5cm based on these values. The initial air pressure is 7bar, final pressure is 200bar and the desired compression efficiency is 85%. The optimal compression trajectory resulted for these given parameters is shown in Fig. 6 . The minimum compression time required to achieve the final pressure as well as the desired compression efficiency is found to be 3.66 seconds (λ * =13.5). Considering size of the chamber, the maximum power density is 510kW/m 3 . It should be mentioned that in the case of a non-optimal compression trajectory, a longer compression process is required to achieve the same efficiency. For example, a constant flow rate of 0.2 lit/sec will result the same efficiency for the given chamber geometry and final pressure. However, the required time to achieve the final pressure with this constant flow rate compression is about 7 seconds, which gives almost half power density (250kW/m 3 ) compared to the optimal case.
Chamber Shape Optimization
Optimization of the compression trajectory for a given geometry (described in the previous section) is the low-level opti- mization of the combined shape and flow rate optimization problem. Therefore, a high-level optimization problem needs to be defined and solved to find the optimal geometry of the chamber in order to maximize its power density (Fig. 7) . In other words, we want to find the optimal cross section area (θ * ) and porosity distribution (φ * ) that maximize the power density for a given chamber and porous material total volume (while achieving the desired compression efficiency). Note that the porosity at each location is a function of chamber cross section area and the plate spacing. Define Ω as the open area (i.e. total cross section area minus the area occupied by heat transfer material):
where porosity φ ∈ [0, 1]
. If the open area and porosity are known, the chamber cross section area θ can be found from Eqn.
(18). Therefore, we can optimize the open area and porosity distributions in order to calculate the optimal chamber geometry. While the total chamber volume is a fixed (given) parameter, the total volume of the heat exchanger material that is allowed to be used must be also fixed in order to have a meaningful optimization problem 1 . Moreover, from manufacturing point of view, the aspect ratio of the chamber must remain in a reasonable range. This constraint can be included by adding an equality constraint on chamber length. Therefore, the optimization of the open area and porosity distribution can be summarized as:
where Φ is the allowable total porosity of the chamber and l min and l max are the minimum and maximum possible length for it. Interior point method is used here to solve the corresponding optimization problem and find the optimal chamber shape to minimize the required compression time (i.e. maximize the power density). This procedure will be repeated in an iterative manner until the open area and porosity converge to their optimal distributions.
Case Studies and Simulation Results
A systematic approach is introduced and developed in the previous sections to maximize the power density of a compression chamber by combined optimization of its geometry and flow 1 without this constraint, the optimal porosity distribution problem will have a trivial solution which is a chamber where all its volume is occupied by heat exchanger material, with zero space for air.
rate. In what follows this method is utilized to improve the power density of a sample chamber step-by-step. The total chamber volume is assumed to be 1875cc where 375cc of this volume is devoted to the heat exchanger material (parallel plates with thickness of 0.8mm). In this case, the total porosity would be 80%. A thermal efficiency of 92% is desired for the compression process. Initial air temperature and pressure are assumed to be 293K and 7bar, while final pressure of 200bar is expected. Additionally, in order to prevent water trapping between the parallel plates, the minimum local porosity in the chamber is set to be 70% (while the maximum is 100%, which means no porous material).
Step 1:
As the base case, uniform porosity (80%) and uniform open area (21.4cm 2 ) are used for the chamber. In this case, the chamber length will be 70cm. Without flow rate optimization, a constant flow rate of 43cc/s is required to achieve the desired efficiency (92%). The total compression process takes about 33 seconds in order to reach the desired final pressure while satisfying the thermal efficiency requirement (Fig. 8 ).
Step 2:
The compression (flow) rate is optimized for the chamber geometry given in step 1. As it can be seen in Fig. 8 , the optimal compression trajectory starts with a large flow rate, followed by a slow compression rate that takes the main portion of the whole process. At the end, a second fast compression results in the desired final pressure. Optimizing the compression trajectory without changing the chamber geometry reduces the required compression time by more than 3 times (from 33 seconds (step 1) to about 10 seconds) which enhances the power density by the same ratio.
Step 3:
To demonstrate the effect of heat exchanger material location in the chamber, the porosity distribution is optimized over the entire chamber volume, while the open area is considered to be uniform (i.e. no optimization on shape yet). Without flow rate optimization, a constant flow rate of 149cc/s is required, which results in final pressure after 9.6 seconds. As shown in Fig. 8 , according to the optimal porosity distribution, all the heat exchanger material must be located in the upper region of the chamber (close to the top cap). In other words, the upper portion has the minimum allowable porosity (70%) while the lower portion is empty (100% porosity). This result is not surprising and is consistent with the physics of the problem 2 . Step 4:
Now, by optimizing the compression rate for the optimal porosity found in the previous step (3), the required compression time is reduced to 3.5 seconds. As a result, the power density of the chamber will be 669kW/m 3 . Note that the open area distribution (i.e. chamber shape) is not optimized yet.
Step 5:
In the final step, chamber geometry is optimized in addition to its porosity distribution. Combined geometry and flow rate optimization results in power density of 1.5MW/m 2 which is 20 times larger than the non-optimal condition (base case). For the shape optimization, it has been assumed that the maximum allowable chamber length is 70cm (i.e. l max =70cm). As shown in Fig. 9 , the optimal shape has a larger area at the bottom (where water enters the chamber), while the rest of the chamber has a smaller area.
Minimum and Maximum Length Cases:
To clarify the effect of shape optimization on power density, two additional cases have been studied here. If we relax the length constraint in shape optimization, the optimal shape for the chamber would be a narrow tube with an open area equal to 7cm 2 with a total length of 214cm. On average, a narrower chamber results in higher air velocity during compression. This will improve the heat transfer between air and its environment by increasing the convective heat transfer coefficient (see Eqns. (3), (4) and (5)). If the porosity distribution as well as the compression trajectory are both optimized for this narrow chamber, power density of 1.6MW/m 3 will be achieved. On the other hand, a fat chamber with a uniform open area of 78cm 2 and total length of 19cm results in a poor power density (423kW/m 3 ) even though the porosity distribution and compression trajectory are both optimized for it. In reality, fabricating a long and narrow compression chamber is challenging. Difference in power density between the optimal geometry and the narrowest shape is small, while manufacturing the former is more cost effective than the latter geometry. Fig. 10 shows the air temperature versus air volume during the compression process for various situations that have been studied here. It should be mentioned that the power density optimization for the expansion mode can be done in the same manner, where the initial pressure P 0 is 200 bar while the final pressure P f is 7bar.
Conclusions
A systematic approach was introduced and used to maximize power density of a liquid piston air compression/expansion chamber by optimizing its geometry as well as its compression/expansion rate. The combined shape and flow rate optimization problem is divided into two levels: In the low level optimization, the compression trajectory is optimized for a given chamber geometry to maximize the power density by minimizing the required compression time while achieving the desired efficiency. Dynamic Programming technique is used for solving the optimal control problem associated with this level. Then, in the high level optimization, open area and porosity distributions of the chamber are optimized to maximize the power density. An iterative method is used to find the combined optimal geometry and flow rate for the chamber. According to the results, the optimal chamber shape in addition to its corresponding optimal Optimal Geometry Uniform Geometry FIGURE 9: Uniform geometry (right) and optimal geometry (left) resulted by combined optimization algorithm to maximize the chamber power density for a given thermal efficiency.
flow rate have the potential to increase the power density from 71kW/m 3 to 1.6MW/m 3 which is more than 20 times improvement (see Table 1 ). The optimal geometry shows that the best place for locating the heat exchanger material is at the top of the chamber where most of the hot air accumulates at the end of compression cycle. Results also show that the chamber is better to have a larger diameter at the bottom (where water enters the chamber) while a smaller diameter for the rest.
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